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ON CERTAIN FORMS OF THE EQUATION OF A CONIC. 


[From the Quarterly Mathematical Journal, vol. 11. (1858), pp. 44—48.] 


To find the general equation of a conic which passes through two given points 


and touches a given line. 


Let the coordinates of the given points be (a, 8, y), (#, 8’, y), and the equation 


of the given line be As + py +vz=0. Then writing 


u=|a, y, 2|, v=sl|a, y, £1, 
a B, ¥ ame he 
a, b, C a’, B y 


where a, b, c, s are arbitrary coefficients, the general equation 


through the two given points will be 


uw —v=0. 
We have identically 


S| Aw+py +z, &, Y, 
Aa+pB+vy, a, B, 
ra’ + uB +y, d, R, 
< +pb +vc, a, b, 


and hence putting 


Vea e Y 
Ga U N. 
ro Bet 
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yY., 
p, 
b, 


\ 
of a conic passing 
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A= (M€ +u + vy’) 8, 
B=- (^a +yb +00 )s, 
C =- (Ma + pB + vy )s8, 


we have 
(Ax + py + vz) sV + Au + Bu + Cw =0, 


and consequently the equation Aw + wy + vz = 0 is equivalent to 


Au + Bv + Cw=0, 


and we have only to express that the line represented by this equation touches the 
conic uw — v? = 0. 


Combining the two equations, we find Au + Ow + B y(uw)=0, that is 
(Au + Cwy — Beuw = 0, 


an equation which must have equal roots; and the condition for this is obviously 
440 —B?=0. Or putting the condition under the form — B+2,/(AC)=0 and sub- 
stituting for A, B, O their values, the condition becomes {i=,/(—1) as usual} 


Aa + pb + ve + 2is V/{(Aa + uB + vy) (Xa! + WB’ + vvy’)} =0. 


We have consequently 


(Aa + pb + ve)? 


"~ Tanp an Od Ee Ly)’ 


and the equation of the conic is 


4 Aa+pB+ vy) (Aa + ph’ +vy)| a, y, 2 || a, y, z |+(Qatpb+ve)| s, y, z |?=0. 
a, B, ry es Bs; y a, Bs y 
b c 


a, , Cc a, b > a’, P, y 


But the equation of the conic may be obtained in a different form as follows: we 
may first write B’v?=4ACuw, and then substituting for — Bv the value 


(Aa + wy + vz) sV + Au + Cu, 
the equation becomes 
{Au + Cw + (At + py + vz) 8sV}? = 4ACww, 
or, extracting the root of each side and transposing, 


{V(Au) + V(Cw)}? + (Aw + wy + vz) sV =0, 
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and thence 


(Au) + (Cw) + oy(¥) Je + wy + v8) = 0, 


or substituting the values of A, C, V, u, w, and omitting the common factor (s) the 
equation becomes 


(Aa + uB +oy)V(| @% Y, 2 AGN (Aa+ uB + vy) V( , Y, Z ) 
a, B, ¥ os, Y 
a, b, c a, b, Cc | 


+iv(rae+pytve)V() a, B, y |)=9, 


a form symmetrically related to the three lines 


a+ py+v2e=0, | a, y, 2 |=9, ee tae ee 
B, q dook 4 
c 


Let it be required to find the conic passing through the two points (4 8, y), 
(a’, 8’, y), and touching the three lines : 


Aye + wy + r2 =O, Aat + pay + rz =O, Ast + psy + v2 = 0. 


The constants a, b, c have to be determined in such manner that the equations 
obtained from the preceding, by writing successively (M, fi, n) (Aas Mas Va), (As, Mo Ys) 
for (A, m, v) may represent one and the same equation ; the three equations so obtained 
will therefore subsist simultaneously, and we may from the equations in question 
eliminate a, b, c; the resulting equation 


Ve tmy +2), VA + pay tre), VOe + may +092) |=0 
V(t +B t+ ry), Ve +B + vey), Vet + ps8 + rey) 
Va HAB + rr), NOAR + oa’ + vary’), MOAR + pp + vs’) 


is the equation of the conic in question; this is in fact evident from other considerations. 


To find the condition in order that a conic passing through the points (a, 8, y) 
(a’, 8’, y) may touch the four lines 


ME + py H=, Aww + pay + rz = 0, AE + wy tre =0, At py +v =O. 
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The relation first obtained between a, b, c, s gives four equations from which 
these quantities may be eliminated, the resulting equation 


`o My Wy NMa + mbH ny) ME + mb’ ny) | =0 
Ms Ma, Voy NANAH AB + vy) Aa + pa’ + way) 
Mo Mas Yar WV {(Aet+ Ma + vy) (Ao! + pap + vay)} 
o Pa Vo NOUA + MgB + vey) (ae! + oa’ + v47')} 
is the required relation. 


The preceding investigations apply directly to the circle, which is a conic passing 
through two given points. Thus the equation of a circle touching the three lines 


As +By +C =0, 
Ax +B'y + =0, 
A”a + B’y + C” =0, 


V(Avc+ By+C), V(A’e+By+C), VW(A"a+ B"y+ 0”) |=0. 
V(A_ + Br), V(A’ +B%), VA” +B) 
V(A — Bi), V(A* — Br), V(A” + BY’) 
Hence also the equation of a circle touching the three lines 
g2ceosa+ysina —p=0, 
z cosg +ysm g —gq=0, 
zcosy+ysiny —r=0, 


sin 4 (8 — y) v(x cos a +y sin a — p) + sin $ (y — a) y (æ cos 8 + y sin B — q) 
+sin 4 (a — B) y (æ cos y +y sin y — r) =0. 
To rationalise the equation, I remark that an equation /(A)+/(B) + V(C)=0 
gives in general de shes 
Re De re re ey 
and that 
(1, 1, 1, 1, 1, 1¥2psin?4(B—y), 2q sin?$(y—a), 2r sin?4 (a — B)) 
or as it may also be written 
(1, 1, 1, 1, I, 1%p{1—cos(B—y)}, q {1 — cos (y—a)}, r {1 — cos (a — )}}, 
is identically equal to 
{p(sin8 —siny)+ g (sin y—sina) +r (sin a—sin £)}? 
+ {p (cos 8 — cos y) + q (cos y — cos a) +r (cos a— cos 8)} 


— {p sin(8— y)+q sin(y — a)+r sin(a- £). 
c. III. 12 
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Hence if we replace p, g, r by 
xcosa+ysina—p, wxcosB+ysinB—g, «xcosy+ysinB—r7, 
J 
the last-mentioned expression equated to zero will give the equation of the circle, 
and we obtain 
{Va+p(sin B—siny)+q(sin y—sina)+r(sin a — sin 8); 

+{Vy—p(cos B—cosy)—q(cos y—cosa)—7(cos a—cos f)}? 

-{ psn@— y)+qsin(y— a+r sin(a- A)}*=0, 
where 


V =sin (8 — y) + sin (y — a) + sin (a — £), 
and we have thus the equation of the circle in the usual form with the coordinates 
of the centre and the radius put in evidence. 
The condition that there may be a circle touching the four lines 
Asx +By +0 =0, 
Ax +By +0 =0, 
A”x +B’y ail’ ==); 
A” + B”y +0” =0, 
is by the general formula shown to be 
A ? B ? C ? (A? +B ) = 0, 
A’, Biar 5 AP Ard ) 
FAs B OF V(A”? +B”) 
A”, a, rs PY © Sette +B”) 


which is in fact obvious from other considerations. 
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